Abstract -The fundamental parametric decay processes of kinetic Alfvén waves (KAW) have been reexamined by employing the nonlinear gyrokinetic equations. Dispersion relations, valid for arbitrary k ⊥ ρi, are derived for parametric decays to KAW and ion sound waves. Here, k ⊥ and ρi are, respectively, the wave number perpendicular to the magnetic field and the ion Larmor radius. It is found that, contrary to the small k ⊥ ρi drift-kinetic results, nonlinear ion Compton scatterings also contribute significantly to the nonlinear ion Landau damping. Furthermore, for k ⊥ ρi > |ω0/Ωi| 1/2 , with ω0 and Ωi being, respectively, the KAW and ion cyclotron frequencies, the decay processes are significantly enhanced over and qualitatively different from the ideal-magnetohydrodynamic (MHD) results. These findings are relevant for collisionless plasma transports, as well as non-local wave energy transports. In particular, they question the applicability of ideal-MHD-based theories for the prediction of saturated Alfvén wave spectra and the corresponding fluctuation-induced transports in space and laboratory plasmas, suggesting that gyrokinetic theories are necessary for realistic comparisons with experimental measurements and observations.
The anisotropic and nearly incompressible shear Alfvén wave spectra are of particular interest in space and laboratory plasmas, for they consist of both regular discrete and singular continuous components, which may be resonantly excited by wave interactions with supra-thermal particles [1] . The singular structures of the shear Alfvén continuous spectrum naturally bring micro-scales into the physical picture, such as the thermal ion Larmor radius. Kinetic theories are, thus, necessary for the appropriate description of Alfvén wave dynamics at short wavelengths and their excitation by resonant mode conversion as kinetic Alfvén waves (KAWs) [2] .
Since their theoretical discovery more than three decades ago [2] , KAWs have been observed and/or proposed to play crucial roles in the dynamics of a wide range of space and laboratory plasmas [1, [3] [4] [5] [6] [7] [8] . More specifically, since KAW carries a finite parallel (to B 0 , the confining magnetic field) electric field and propagates both parallel and across B 0 , KAWs can potentially (a) E-mail: liuchen@uci.edu accelerate charged particles, and contribute to collisionless plasma transports, as well as to nonlocal wave energy transports. To determine these effects quantitatively, however, one would need to have detailed knowledge on the spectrum of KAW; which depends, obviously, on the nonlinear evolution of KAWs themselves. In this respect, three-wave parametric interactions constitute one of the most fundamental nonlinear wave dynamics. Due to its theoretical complexities, previous studies on the parametric decay instabilities of KAW have been restricted to the rather limited drift-kinetic k ⊥ ρ i 1 case [9] ; which is applicable only when τ ≡ T e /T i 1. For realistic plasmas with τ ∼ O(1), we need to maintain k ⊥ ρ i ∼ O(1) in the theoretical analysis, which has become analytically feasible with the advances of the nonlinear gyrokinetic formalism [10] and provides the primary motivation of the present work. In this paper, we reexamine the parametric decay processes of KAWs by employing the nonlinear gyrokinetic equations [10] , confirming the prior findings of drift-kinetic treatments [9] that the decay processes are significantly enhanced over 35001-p1 the ideal-magnetohydrodynamic (MHD) results [11] and showing the qualitative and quantitative importance of fully accounting for gyrokinetic particle response at short scales, with significant effect on the spectral transfer cross-section and consequences on transport processes. The present work, thus, has a broad and significant implication that employing kinetic analyses is necessary not only for linear physics reasons [3, 4, 12] but also for an adequate description of nonlinear dynamics, posing basic questions on the applicability of ideal-MHD-based theories for the prediction of saturated Alfvén wave spectra and the corresponding fluctuation-induced transports in space and laboratory plasmas.
Consider three-wave interactions in a uniform low-β magnetized plasma, with β 1 being the ratio between plasma and magnetic pressures. The three waves, involved in the parametric decay process, are the pump KAW, Ω 0 ≡ (ω 0 , k 0 ), the ion sound Ω s ≡ (ω s , k s ) and KAW daughter Ω − ≡ (ω − , k − ) waves, and Ω 0 + Ω − = Ω s denotes the frequency and wave number matching conditions. Both electrons and ions have Maxwellian equilibrium distributions F M . Since the frequencies are much smaller than that of the compressional Alfvén waves and β 1, we may ignore magnetic compression and adopt the electrostatic potential δφ and the parallel component of the vector potential δA as the field variables. Following Frieman and Chen [10] , the perturbed particle distribution function, δf , is given by
where b = B 0 /B 0 , q and T are the particle's charge and temperature, exp(ρ · ∇) is the generator of coordinate transformation from guiding center to particle position, δL g = exp(ρ · ∇)δL, δL = δφ − v δA /c is the scalar potential in the frame moving with the particle's guiding center along B 0 , δu Eg = (c/B 0 )b × ∇ δL g , A denotes gyroaveraging of A and we have suppressed the species dependence. In the uniform magnetized plasma equilibrium, we represent fluctuating fields as superposition of plane waves; e.g., δφ = k exp(ik · x − iω k t)δφ k . In terms of Fourier modes, eq. (2) can be expressed as
Meanwhile, the field equations for δφ k and δA k are the quasi-neutrality condition and vorticity equation. Assuming, for simplicity, one thermal ion species only with unit electric charge e and particle density n, the quasineutrality condition is
while the vorticity equation, obtained from weighted velocity space integration of eq. (3) and summation over particle species [13] , can be written as
with δj k given by the parallel Ampère's law,
Here,
with J 0 being the Bessel function and ρ = v ⊥ /Ω, Ω is the cyclotron frequency and
0 is the modified Bessel function and |k ⊥ ρ e | 1 was assumed. On the right-hand side of eq. (5), the first term represents the usual Maxwell stress, whereas the second term reduces to the well-known Reynolds stress for k ⊥ ρ i 1. Noting the ordering |k v te | |ω k | |k v ti |, with v te and v ti denoting the election and ion thermal velocities, and defining δψ k = (ωδA /ck ) k , we can readily recover the following linear KAW results [2, 9] :
where τ = T e /T i , and the KAW linear dispersion relation
In eqs. (7) and (8), we used
and δg
(1) ke = −(e/T e )F Me δψ k in the linear limit, as easily obtained from eq. (3). As to the excitation of ion sound wave, Ω s , by the two KAWs, Ω 0 and Ω − , we note that, since
being the ion-acoustic velocity, Ω s is predominantly an electrostatic mode. Equation (3), meanwhile, yields, after straightforward calculations, δg
and
Here, the superscript (2) denotes the second-order nonlinear response, Λ = c(k ⊥0 × k ⊥s ) · b/(B 0 ω − ) and we have used frequency and wave number matching condition 35001-p2
We then obtain from the quasi-neutrality condition,
where
A dv denoting now velocity space integration and we have applied the corresponding linear KAW wave properties, noting that Ω 0 and Ω − are normal modes.
Since the ion sound mode, Ω s , could be a heavily damped quasi-mode, we need to include both its linear as well as nonlinear response in its coupling to Ω − via Ω 0 . Thus, when computing δg (2) − from eq. (3), we need to consider δg s = δg
s . One readily finds
Equations (16) and (17) can then be substituted back into the quasi-neutrality condition, eq. (4), and yield
where σ
− is the second-order nonlinear modification to σ − as defined in eq. (7) σ
Proceeding in the same way, it is possible to compute the parallel Ampère's law for the KAW sideband. In this case, it is worthwhile noting that the Maxwell stress does not contribute to the nonlinear dynamics, for Ω s is an electrostatic mode. Thus, the parametric decay is mediated by the generalized Reynolds' stress in eq. (5). Multiplying both sides by 4πiv 2 A /(c 2 ω k ), we readily obtain
Substituting the expressions for δg (1) 0i and δg si = δg (1) si + δg (2) si given above, eq. (21) reduces to
Combining eqs. (18) and (22), we then obtain the following equation for the Ω − KAW modified by the nonlinear coupling between Ω s and Ω − modes:
A− = α
Here, for rewriting β 2 , we have used the σ k definition, eq. (7), the dispersion relation, eq. (8), and the definition of s , eq. (14) . Equations (13) and (25), thus, constitute the desired parametrically coupled equations between Ω s and Ω − modes. Combining eqs. (13) and (25) and rewriting (2) A− as it was done for β 2 in eq. (28), the resultant parametric dispersion relation becomes
Note also that G 0 from Schwartz inequality, applied to the definition of G in eq. (33). Equation (29) may be regarded as the key result of the present work and can be used for illustrating the different physics described by the various terms. On the left-hand side, the ∝ ∆
A− term describes nonlinear frequency shift only, while the contribution ∝ χ (2) A− accounts for processes involving resonant wave-particle interactions due to low-frequency nonlinear thermal ion response to Ω 0 and Ω − KAW modes. Therefore, this process involves spectral transfer of fluctuation energy towards the low-frequency region and is generally referred to as nonlinear ion Compton scattering [11] . Meanwhile, the non-resonant scatterings of Ω 0 off the fluctuations due to the Ω s mode are described by the right-hand side, which, thus, accounts for shielded-ion scatterings. Ignoring nonlinear frequency shift and keeping terms relevant to the stability analysis, the resultant parametric dispersion relation becomes
The nonlinear ion Compton scatterings term ∝ χ
A− in eq. (35), as will be discussed below, is absent in the previous drift-kinetic analysis by Chen and Hasegawa [2, 9] . This can be understood, since |G| ∼ O(k For T e 5T i , both Ω s and Ω − are weakly damped normal modes, and eq. (35) yields the following resonantdecay dispersion relation:
where γ is the parametric growth rate, γ dA− and γ ds are, respectively, the linear damping rates of the KAW sideband and ion sound waves, and ω A−r and ω sr are, meanwhile, the corresponding normal mode frequencies; i.e., A−r (ω A−r ) = 0 and sr (ω sr ) = 0, −∂ A−r /∂ω A−r 2(1 − Γ − )/(ω 0r b − ) and ∂ sr /∂ω sr 2σ s /ω sr . Note that parametric decay instability requires ω 0r ω s > 0, i.e. −ω 0r < ω A−r < 0 [9] , having chosen ω 0r > 0 without loss of generality. Meanwhile, |Φ 0 | threshold condition for the decay instability is found for γ = 0 [9] .
For typical fusion plasmas, T e ∼ T i and Ω s becomes a quasi-mode due to heavy-ion Landau damping; while Ω − −Ω A ≡ −(ω A , k A ) remains a KAW normal mode. The growth rate of the parametric decay instability is then given by
where, again, G 0,
In eq. (37), the G and H 2 terms correspond, respectively, to the nonlinear ion Compton and shielded-ion scatterings. Note that for |k ⊥ ρ i | ∼ O(1), G ∼ H 2 ∼ | s |, the two scattering processes are additive and have comparable magnitudes. Same as in previous studies [9, 11] , eq. (38) indicates that the scattering is maximized when k 0 k A < 0; i.e., backscattered KAW daughter wave (since ω 0r ω Ar > 0), and γ > 0 requires ξ s > 0; i.e., ω 0 > ω Ar , or the parametric decay process leads to cascadings in KAW frequencies. Note also that, while for |k ⊥ ρ i | 1 γ increases with |k ⊥ |, it decreases as |k ⊥ ρ i | −1 for |k ⊥ ρ i | 1; and, thus, the decay processes tend to maximize around |k
It is illuminating to compare the present gyrokinetic results, eq. (35), with the well-known ideal-MHD result, where
is replaced by
where θ is the angle between k 0⊥ and k −⊥ , and γ i is the ion ratio of specific heats. For
; that is, the kinetic process dominates for k 1 in the linear physics description, it breaks down much earlier in nonlinear physics applications. Furthermore, C k and C I peak, respectively, at θ = π/2 and θ = 0. Thus, while the ideal-MHD results predict that KAWs are excited with k −⊥ parallel to the pump k 0⊥ , the kinetic excitation process shows that k −⊥ is predominantly perpendicular to k 0⊥ . This difference has significant qualitative implications to plasma transport induced by KAWs. More specifically, let the pump KAW be excited via resonant mode conversion and, thus, k 0⊥ k 0r r, with r being unit vector in the radial direction. Ideal-MHD theory would predict the KAW spectrum peaks along k r with little k θ components in the b × r direction and, hence, little radial transports. On the other hand, the kinetic theory would predict KAW spectrum with significant k θ components and, hence, significant radial plasma transports.
These findings, based on fundamental nonlinear dynamics properties, question the applicability of MHD based theories for realistic comparisons with experimental measurements and observations of Alfvénic fluctuation spectra and related transports even more severely than those stemming from accurate linear physics descriptions, e.g. the original theoretical analyses of kinetic ballooning modes (KBM) in laboratory [14] and space plasmas [15] . The need for kinetic descriptions of linear thermal plasma behaviors for a satisfactory interpretation of experimental measurements of low-frequency Alfvén waves in tokamak plasmas of fusion interest has been well documented on the basis of careful comparisons of observations and numerical simulation results [16] , which well fit the corresponding general theoretical framework [3, 4, 12, [17] [18] [19] [20] . Meanwhile, the present understanding of Alfvénic fluctuation nonlinear behaviors and fluctuation-induced transports is definitely less conclusive [21] and often limited by still unexplained behaviors [1, 3, [22] [23] [24] . In this perspective, the present work could offer a new element for critically revising possible discrepancies between theory-based modeling and experimental observations. In general, one may conjecture that many nonlinear kinetic effects, different from those discussed here, could be at work in shaping the KAW spectrum, especially when effects of geometry (e.g., trapped particles and curvature) and non-uniform equilibria come into play. Another important element, neglected here, is the investigation of kinetic compressibility and anisotropy due to the existence of supra-thermal particle species, making the plasma significantly non-Maxwellian. These aspects are beyond the scope of the present work and have been recently reviewed in ref. [1] . The main result of the present work remains the demonstration of the crucial role of a fully gyrokinetic treatment at arbitrary short wavelength for a proper description of the nonlinear KAW physics, even in a uniform magnetized plasma.
The above discussions thus clearly demonstrate that it is crucial to adopt the kinetic description in the study of Alfvén wave turbulence; since the nonlinear turbulence and the associated plasma transports are both quantitatively and qualitatively different from those based on the ideal-MHD description. This conclusion is of particular relevance to, for example, fusion plasmas, where shear Alfvén waves could be actively excited over a broad range of mode numbers, ranging from micro-to meso-scales [3, 20, 25] . Nonlinear kinetic effects, thus, could have important consequences on cross-scale couplings and long time scale behaviors in burning plasmas of fusion interest [4, 26, 27] , where a crucial role will be payed by the ratio of supra-thermal to thermal ion Larmor radii, which, in present-day experiments, is drastically different with respect to that expected in ITER [5] . Similar considerations also apply to space plasmas, where interest and relevance of cross-scale coupling physics has been recently revived by the ROY mission proposal [28] . * * * 
